Abstract. In this paper we study the structure of Gröbner bases with respect to block orders. We extend Lazard's theorem and the Gianni-Kalkbrenner theorem to the case of a zero-dimensional ideal whose trace in the ring generated by the first block of variables is radical. We then show that they do not hold for general zero-dimensional ideals.
Introduction
The concept of Gröbner bases, introduced by Buchberger [6] in 1965, is nowadays one of the main tools for studying algebraic systems and various related problems in computational algebra; see [7] and the standard reference books [5, 2, 8, 15] for basic facts and applications of such a concept.
An important question is to understand the structure of Gröbner bases. In the case of two variables, Lazard [13] gave a complete structural understanding of lexicographic Gröbner bases. This result is extended to the case of univariate polynomial rings over Dedekind domains in [3] . In the case of more than two variables an extension of Lazard's theorem is given by Marinari and Mora [14] in the case of radical zero-dimensional ideals.
Another important result is proved by Gianni [10] and Kalkbrenner [12] for lexicographic Gröbner bases of zero-dimensional ideals. More precisely, the result states that if G is a Gröbner basis of a zero-dimensional ideal I in the polynomial ring
, then the list of polynomials obtained from G after substituting the µ i 's to the x i 's already contains a gcd of the nonzero polynomials in it. This result is extended by Becker in [4] , for the radical zero-dimensional case, in the sense that for any i ≤ n − 1 and any zero (
We are concerned in this paper with the question of understanding the structure of Gröbner bases with respect to block orders (see section 2 for the definition of block orders). We give extensions of Lazard's theorem and Becker's extension of the Gianni-Kalkbrenner theorem. More precisely, let J = x 1 , . . . , x j be a sub-list of x and ≺ be a monomial block order built out of monomial orders on J and its complement J c . Given a zero-dimensional ideal
is radical, we show that I has a Gröbner basis which exhibits a factorized form similar to the one in Lazard's theorem. We also show that Becker's extension of the Gianni-Kalkbrenner theorem holds in this case. We finally show that these results no longer hold in general if I ∩ K[J] is not radical (even for lexicographic orders).
Notation and basic facts
Throughout this paper we will denote by K[x 1 , . . . , x n ] = K[x] the ring of polynomials in n indeterminates with coefficients in a commutative field K. The multiplicative semigroup generated by x = x 1 , . . . , x n is denoted by M, and its divisibility partial order by |. , J be a sub-list of x and ≺ be an admissible order on the monomials. Given
This is obviously an ideal of K[J] and the sequence (J (I, J, ≺,
The following definition of block orders and their main properties can be found in [8] .
Definition 2.1. Given an admissible order ≺ on M and a sub-list J of x, we will say that ≺ is a block order with respect to J if for any a, a
A typical example of block order is given by the lexicographic order 
We will also need the following classical result; see [1] for a more general result. According to the relation (2.1) we have
Therefore, the set {Lc(g, J, ≺) ; g ∈ G and Lm(g, J, ≺) | x α } is a Gröbner basis of the ideal J (I, J, ≺, x α ) with respect to ≺ J . "ii) ⇒ i)" Let f ∈ I and write Lm(f, J, ≺) = x α . Since the set {Lc(g, J, ≺) ; g ∈ G and Lm(g, J, ≺) | x α } is a Gröbner basis of the ideal J (I, J, ≺, x α ) with respect to ≺ J there exists g ∈ G such that
Therefore, Lm(g, ≺)|Lm(f, ≺) according to the relation (2.1). This shows that G is a Gröbner basis of I with respect to ≺ .
The case of zero-dimensional ideals with radical trace on the first block
Let J be a sub-list of x and ≺ be a block order with respect to J. In this section we study the structure of a zero-dimensional ideal
Under the additional assumption that I ∩ K[J] is radical, we give an extension of Lazard's theorem and we show that Becker's extension of the Gianni-Kalkbrenner theorem also holds in this case. (1) which satisfies the relation x
Lemma 3.1. Let I be a zero-dimensional ideal of K[x], J be a sub-list of x and ≺ be a block order with respect to J. Assume that the ideal I ∩ K[J] is radical. Then for any
According to the Artinian nature of the order ≺, the constructed sequence (f i ) i≥0 should stop at some t. If f t = 0, then we can construct another polynomial
, and this contradicts the fact that the sequence stops at t. Thus we have f =
To prove the uniqueness it suffices to show that the H α 's are linearly independent over K [J] . But this obviously follows from the fact that the polynomials H α have pair-wise distinct leading monomials with respect to J and ≺.
As a consequence of Lemma 3.1 we get the following extension of Lazard's structure theorem [13] . A similar result is proven in [9, 14] for radical zero-dimensional ideals and J = x 1 , . . . , x n−1 . for any monomial x α , and therefore this system is a Gröbner basis of J (I, J, ≺, x α ) according to Theorem 2.2 and to the fact that G is a Gröbner basis of I with respect to ≺ . By applying once again Theorem 2.2 we deduce that G 1 is a Gröbner basis of I with respect to ≺ .
Another consequence of Lemma 3.1 is the following extension of Becker's result [4] . Proof. Let G be a Gröbner basis of I with respect to ≺. Let p ∈I, x
